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Abstract
We demonstrate that the analytic solution for the set of energy eigenvalues of the
semi-relativistic Coulomb problem reported by B. and L. Durand is in clear conflict
with an upper bound on the ground-state energy level derived by some straightforward
variational procedure.
1Some time ago the authors of Ref. [1] made an attempt to find the
exact analytic solution to the quantum-theoretic bound-state problem
defined by the semi-relativistic (since it incorporates fully relativistic
kinematics by involving the “square-root” operator of the relativistic
kinetic energy,
√
~p 2 +m2) Hamiltonian corresponding to the so-called
“spinless Salpeter equation,” for two particles of equal mass m given by
H = 2
√
~p 2 +m2 + V (~x) , (1)
for the special case where the arbitrary coordinate-dependent static
interaction potential V (~x) is specified to be identical to the Coulomb
potential
V (r) = −κ
r
, (2)
depending only on the radial coordinate r ≡ |~x| and parametrized by
some coupling strength κ. In particular, for vanishing orbital angular
momentum ℓ, i. e., for ℓ = 0, an analytic expression for the totality of
energy eigenvalues En corresponding to the semi-relativistic Coulomb
problem has been derived, which reads [1]
En =
2m√√√√1 + κ2
4n2
, n = 1, 2, . . . . (3)
In this Comment, however, we take the liberty to express our rather
severe doubts on the general validity of this expression. Although we
are, at present, not able to give the correct energy eigenvalues, we are
convinced that Eq. (3) must necessarily be wrong.
Our line of reasoning makes use of a standard variational technique
in order to derive a strict upper bound on the energy eigenvalue of the
ground state. For the case of the Coulomb potential (2), this upper
bound turns out to be violated by the result obtained from Eq. (3) for
n = 1. The basic idea of this variational technique is
• to calculate the expectation values of the Hamiltonian H under
consideration with respect to a suitably chosen set of trial states
|λ〉 distinguished from each other by some variational parameter
λ, which yields the λ-dependent expression E(λ) ≡ 〈λ|H|λ〉, and
2• to minimize E(λ) with respect to λ in order to obtain the upper
bound to the proper energy eigenvalue E of the Hamiltonian H in
the Hilbert-space subsector of the employed trial states |λ〉 as the
above λ-dependent expression E(λ) evaluated at the point of the
minimizing value λmin of the variational parameter: E ≤ E(λmin).
For the Coulomb potential, the most reasonable choice of trial states is
obviously the one for which the coordinate-space representation ψ(~x)
of the states |λ〉 for vanishing radial and orbital angular momentum
quantum numbers is given by the hydrogen-like trial functions (λ > 0)
ψ(~x) =
√√√√λ3
π
exp(−λ r) .
For this particular set of trial functions we obtain for the expectation
values we shall be interested in, namely, the ones of the square of the
momentum ~p and of the inverse of the radial coordinate r, respectively,
with respect to the trial states |λ〉
〈
λ
∣∣∣~p 2∣∣∣λ〉 = λ2
and 〈
λ
∣∣∣∣∣
1
r
∣∣∣∣∣λ
〉
= λ .
Let us follow this line of arguments in some detail. As an immediate
consequence of the fundamental postulates of any quantum theory, the
expectation value of a given Hamiltonian H taken with respect to any
normalized Hilbert-space state and therefore, in particular, taken with
respect to any of the above trial states must necessarily be larger than
or equal to that eigenvalue E of the Hamiltonian H which corresponds
to its ground state:
E ≤ E(λ) ≡ 〈λ|H|λ〉 .
Application to the semi-relativistic Hamiltonian of Eq. (1) yields for
the right-hand side of this inequality
E(λ) = 2
〈
λ
∣∣∣∣
√
~p 2 +m2
∣∣∣∣λ
〉
+ 〈λ|V (~x)|λ〉 .
3Here, the rather cumbersome although (for convenient trial states)
not impossible evaluation of the expectation value of the square-root
operator may be very easily circumvented by taking advantage of some
trivial but nevertheless fundamental inequality. This inequality relates
the expectation values, taken with respect to arbitrary Hilbert-space
vectors |〉 normalized to unity, of both the first and second powers of a
self-adjoint but otherwise arbitrary operator O = O†; it reads
|〈O〉| ≤
√
〈O2〉 .
For the purposes of the present discussion it is sufficient to replace, in
turn, E(λ) by its upper bound obtained by applying this inequality:
E(λ) ≤ 2
√
〈λ |~p 2|λ〉+m2 + 〈λ|V (~x)|λ〉 .
Identifying in this—as far as its evaluation is concerned, simplified—
upper bound the up to now general potential V (~x) with the Coulomb
potential (2) and inserting both of the λ-dependent expectation values
given above implies
E(λ) ≤ 2
√
λ2 +m2 − κλ . (4)
From this intermediate result, by inspection of the limit λ→∞, we
may state already at this very early stage that, for the semi-relativistic
Hamiltonian (1), (2) to be bounded from below at all, the Coulombic
coupling strength κ has to stay below a certain critical value: κ ≤ 2.
The value of the variational parameter λ which minimizes the upper
bound on the right-hand side of Eq. (4) may be determined from the
derivative of this expression with respect to λ:
λmin =
mκ
2
√√√√1− κ2
4
.
For this value of λ, by shuffling together all our previous inequalities,
we find that the energy eigenvalue corresponding to the ground state of
the semi-relativistic Hamiltonian (1) with Coulomb potential (2), E, is
bounded from above by
E ≤ 2m
√√√√1− κ2
4
. (5)
4However, confronting this finding with the energy eigenvalue obtained
from Eq. (3) for the lowest conceivable value of the quantum number
n, that is, n = 1,
E1 =
2m√√√√1 + κ2
4
,
we observe that, for any nonvanishing value of the coupling constant
κ, the inequality (5) cannot be satisfied by the ground state of Ref.
[1]. Consequently, we arrive at the already announced conclusion that,
unfortunately, there must be something wrong with the analysis of the
semi-relativistic Coulomb problem reported in Ref. [1], in particular,
with the quoted analytic solution for the corresponding set of energy
eigenvalues.
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